3D-OCOG: A Common n-finger grasp Search
Algorithm for a Set of 3D Obijects

Technical Report

Avishai Sintov * Roland J. Menassa
Department of Mechanical Eng. Manufacturing Systems Research Lab.
Ben-Gurion University of the Negev Global General Motors R&D
Beer-Sheva 84105 Warren 48090, Ml
Israel Email: roland.menassa@gm.com

Email: sintova@post.bgu.ac.il
Tel: +972-54-5562555

Amir Shapiro
Department of Mechanical Engineering
Ben-Gurion University of the Negev
Beer-Sheva 84105
Israel
Email: ashapiro@post.bgu.ac.il

A simple End-Effector for a robotic arm capable of graspind Introduction

various 3D objects provides great benefits in terms of stan- o )

dardization of end effectors, reducing engineering time and 1oday the mass production in assembly lines and man-
costs. This will provide the possibility to reuse the manufagfacturing plants often relies on robotics and automation.
turing line for several products of different geometry witho®2Pot arms equipped with end-effectors are key components
significant changes. The goal is to make an end-effector sUéhCamy out & myriad number of critical automation tasks
that it will be a commodity similar to the robot arms. TheUch as material handling and assembly. Each robotic end-
3D-OCOG (3-Dimensional Objects COmmon Grasp searchffector is designed, built, and optimized for carrying out
algorithm proposed in this paper searches for a commdh SPecific task while handling a specific part. This makes
grasp configuration over a set of spatial objects. It mag&i€m very inflexible in terms of variations of objects and
all possible grasps for each object that satisfy force closuf@sks. Qurrent _automatlc solutions to flexibility |n_voIve ei-
and quality criteria so the grasps could counter-balance effer dding active elements to the end-effectors in order to
ternal wrenches (forces and torque) applied to the objec@diust to different part geometries or simply adding a variety
The mapped grasps are parameterized as feature vectorLffnd-effectors adjacent to the robot that can be replaced via
a high-dimensional space. This feature vector describes tAdOPOt-interface plate. Exchanging end-effectors requires
design of the gripper. A database of feature vectors is geMiore factory space and consumes time for connecting and
erated for all possible grasps for each object in the featuf@@librations, and thus is costly. The design, manufacture,
space. A similarity join based on nearest-neighbor sear@'d testing phase of a typical end-effector consumes a con-
and classification algorithm are used for intersecting all posidérable amount of engineering time and adds extra cost to
sible feature vectors over all objects and finding commdf€ final product. _ _ _
ones. Each feature vector found is a grasp configuration fgi"€ 902l of this work is to develop an algorithm that will
the group of objects, which directly implies the end-effectdf?d & configuration of a simple end-effector for grasping a
design. Simulations of a 3-finger grasp of four meshed oflvén set of objects. The configuration of the end-effector is
jects resulted in several common grasp solutions. TherefoF&f'”Ed to be the relative position between the contact points
a designated experimental setup was established compo@8g the surface normals at each contact. A flowchart present-
of three robotic fingers, to simulate the grasp of the test oB!9 the high level functionality of the algorithm is presented

jects. Results of the simulations and experiments validate fid-i9ure??. Given a set of CAD models of the objects, the
feasibility of the proposed algorithm. goal is to design an end-effector that is universal, i.e., able

to hold a wide set of components, rather than a single in-
stance of it, for multiple tasks. We propose a novel solution
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for designing a simple end-effector able to do so. Speciffhis paper presents an algorithm for finding a common grasp
cally, our aim is to develop an algorithm for computing théor a set of objects. It presents parameterization of the grasps,
grasp configuration suitable for a set of objects. The pre¢hich are force-closure, for each object and using it for clas-
posed algorithm will be able to characterize the given disification of the objects with respect to these grasps. In
cretized objects geometries, after defining forbidden gradre first stage of the algorithm feorce Closure Grasp Set
ing zones (according to constraints derived from the man(FCGS) is constructed for every object by sampling all pos-
facturing process and are uploaded via graphical user intsible grasps (up to mesh size), filtering out those with low
face (GUI)) and find a grasp configuration for them. As wgrasp quality measure, and representing the possible grasps
discuss, in the design of an industrial end effector, the finab feature vectors in the feature space. Each feature vector is
configuration has to be simple and low cost; thus, it has to benstructed in a unique form to injectively define the grasp
with minimal degrees of freedom (besides simple degreesio¥ariant to any reference frame. The feature vector implies
freedom for applying contact forces such as clamping) anide end-effectors’ design based on the common grasp. The
qualitative. A qualitative configuration is the one that canext step of the algorithm is the similarity join, for finding
stably grasp the object even under the application of extermdirs of common feature vectors in the FCGS of all objects.
forces or torques due to the task being done, i.e., we requ®ear similarity join algorithm is based on nearest-neighbor
a force-closure (Fo-C) grasp with a high-quality grasp meaearch algorithm to find for every two FCGS sets, all pairs
sure (which will be defined). of vectors that are within a predefined distance. The nearest-
neighbor search utilizes a binary tree representation of the
feature space termddi-tree for efficient search by reducing
the number of inspections and by keeping the feature vectors
sorted at every instance. The mean point of every pair found
\ is then inserted into a registry set and associated to possi-

ble FCGS sets. Finally, classification is done in order to find
minimal feature vectors that cover the whole set of objects.
In this work, the ability and kinematics of the end-effector

4 o]

Eorbidden are not considered. We assume the ability of the fingers to
ZONES MeShl reach every contact point with no geometry limitations (by
design). This assumption is not far from true as we address
for a low dexterity end-effector for industrial use and the design
all objects . .
i—1.q of 'Fhe end-effector is done specifically to reach these contact
points.
fctr The paper is organized as follows. The next section is a
all grasps summary of related work. Sectid? gives an overview of
o P = (py,...Pn) grasping fundamentals used in this work. The structure of
3 the grasp feature vector and the FCGS generation algorithm
o is described in sectioR?. Section?? presents the main al-
0;5 — gorithm for similarity join and classification of the common
g Yes 5 feature vectors. SectidP? provides complexity analysis of
z o 2 the algorithm. Sectior?? describes the simulations imple-
© |©° menting the proposed algorithms. Sect®hpresents the
Ves g E e>'<periments done tp validatg the concept and simulations.
Map 2, to 2 Finally, the last section contains a summary of the work and

feature vecto proposes future work.

)
2 Related Work
@ Synthesis and evaluation of robotic grasps have been
’7 widely surveyed in literature. The notions of force-closure
and grasp quality measure are the fundamentals of a good
, grasp and there are various definitions for them. Using a gen-
eralized vector termedrench combining force and torque,
and the wrench space derived from it, i force-closure

grasp criterion used the notion of convexity conditions for a
Common %ficaﬁo defined grasp map. Mishra et aP] presented several con-

grasps o -
\ / ditions for a force-closure grasp for non-frictional grasps.

Niparnan and Sudsan@][used the notion of the wrench
Fig. 1. 3D-OCOG algorithm approach. spectively) convex-hull previously introduced by Ferrari and

Similarity searc

space as a 3 or 6 dimensional (for planar or spatial cases, re-



Canny [?] to define geometrical conditions for defining forceTo the best of our knowledge, no similar work has been done
closure grasp criterion. A force-closure grasp is defined s@arching for common grasps for the design of end-effectors
be capable of resisting external forces and torques applieddo a set of objects. Balan and Bon® presented an au-
the object by forces applied at the contact points with the fitemated gripper design for a set of objects, however, with
gers. limitation for a 3-finger jaw gripper. The work ir?[ has
Several algorithms for grasp synthesis have been presentanhilarities to ours. A finger design that can hold an ob-
Roa and SuareZ] proposed a grasp optimization algorithmject invariant of its scale or pose is searched. However, in
based on the convex hull criteria, meaning maximizing theur work we focus on grasping objects of various geome-
largest external wrench a grasp can resist independent of tties but of the same scale. Much work has been done in the
wrenches direction. Wan@Jintroduced a greedy algorithm area of 3D shape similarity comparison algorithms, such as
for fixture synthesis of frictionless grasps on a discrete poitite work described in7] and [?], presenting algorithms that
set, minimizing the workpiece positioning errors. Ponce arate used for Internet and local database search, face recogni-
Faverjon P] proposed a computation method for the thredion, image processing, or parts identification. The work of
finger grasps of 2D polygonal objects with frictional poinDhbuchi et al. P] on shape similarity search uses a general-
contact, by using linear sufficient conditions for force cloized feature vector of a 3D polygonal mesh constructed from
sure. Liu [?] addressed the same problem; however, a neive moment of inertia, average distance of the surface from
sufficient condition for force-closure was introduced, basatie model's axis, and its variance. However, such methods
on dimensionality reduction of the convex-hull. The workleal with mean parameterization of the geometry (such as
done in Grasplt?] has similarities to this work in the analy- volume, shape distribution, moment of inertia) of the objects
sis methods of force closure and quality measure. and cannot be applied for grasping. The work?#hi§ based
Several grasp optimization methods using different gragm shape matching for finding the best grasp of a set of ob-
guality measures have been presented as follows. Ferrarijgtits. The best grasp is found by matching hand poses from
and Li and Sastry] introduced a quality measure (usech database of objects and human grasp postures. This is done
in this work) based on the external wrench to be resisteoly using a predefined parameterization of the object surface
where the first introduced a general measure based on #mel the hand poses. This shape matching method inspired
largest wrench magnitude that the grasp can resist; the ségs work.

ond used a task-oriented quality measure defined by the sBeme work has been done in the field of end-effector de-
cific wrenches applied to the object during execution of thegn. Hong and Payandef][introduced a design of an end-
task. Schulman et al?] and Roa [?] used the first approacheffector for grasping a variety of objects. The end-effector
(the general measure) for finding the set of contact points dp-a parallel jaw gripper with spring-loaded pegs that adapt
timizing the grasp quality. Lin et al?] presented a frame- to the objects shape and cage it within the pegs. Amend et
invariant quality measure for compliant grasps and fixtureal. [?] introduced a universal gripper based on a bag with
and presented an application to the planning of grasps agrdnular material that with positive and negative pressure
fixtures. Mirtich and Canny?] proposed a computational can grasp and release a variety of objects. Such a grasping
method for two- and three-finger optimal grasps using optinethod is very effective in moving around objects rapidly
mality criteria based on decoupled wrenches, i.e., taking inboit has difficulties with large objects, executing complicated
account pure forces or pure moments. Li and Sastry also masks, and energy consumption. Doll& has done much
troduced a quality that measures how far the grasp configuvesrk in the area of end-effector design in an unknown envi-
tion is from reaching singularity. The quality measures memenment, i.e., where the object geometry and orientation are
tioned are based on the position of the fingers; other qualitpw fully known. He has applied a joint coupling design to
measures are based on geometric criteria where the distribnder-actuated end-effectors through compliance in the ma-
tion of the fingers on the objects is maximized. Chinellato @ipulator, which allows the end-effector to passively conform
al. [?] introduced quality measures criteria for 3-finger plato a wide range of objects while minimizing contact forces.
nar objects, one based on the area of the triangle to assess the

distribution of the contact points. Kim et aP][presented the

stability grasp index, which defines a polygon created of tt8 Background

contact points and measures the deviation of the polygons |n this section we elaborate grasping fundamentals that
angles from a regular polygon; this implies the distributiowe use in our work. We present the grasp model we use and
of the polygon on the object. discuss the notions of force-closure and quality measure.
Some heuristic approaches for force closure and quality mea-

sure analysis were introduced. Niparnan et 3l proposed

force closure criteria of an-finger grasp, where a heuristic3-1 _Grasping Model
condition, based on vectorial theorems, was used for initial F0Orces and torques can be represented as wrench vectors

filtering of grasps, thus reducing running time. Prado arll the wrench space. Awrenchis a 6-d|menS|ona}| vector (in
Suarezf] introduced a heuristic approach for generating ari@i€ case of 3D objects) and is denotedas (f 1) € R°
measuring a 3-finger grasp, based on geometrical conditiomgeref € R? is the force vector ande R? is the torque vec-
considering the relative orientation and position of the thrder. Furthermore, a wrench applied at the contact pqint,
contact faces. can be described ag = (f pi x fj) T, wherep; is represented



in the object coordinate frame (FiguP&). Friction exists at

the contacts between the fingertips of the end-effector an
the object’s surface. Friction can be represented by the sin
ple Coulomb friction model. In this model, forces exerted aii,
the contact point must lie within a cone centered about th
surface normal. This is known as tRection Cone(FC)

fi1
FC= fio | : ‘\/fi722—|—fi’32

fi3

< g, Vi >05 , (1)

Fig. 2. An object and a friction cone at the contact point.

wherefj ; is the normal component;; andf; 3 are the tan- combination of the wrenches [?].

gential components at the contact point, ani$ the coef- o

ficient of friction. The FC is non-linear and therefore cafP€finition 1. The Convex Hull (CH) of systemof vectors

be approximated with assided convex polytope and everySts S IS the set of all non-negative convex comblna_ltlons of
force exerted within the FC can be represented by a lind3€ Subsets of vectors fram In other words, the CH is the
combination of the unit vectori € FC (primitive forces) Minimal convex set containingand is defined as
constructing the linearized friction cone (LFC),

LFC:{fi fi= iaikfik, aikZO} (2) CH(S){i;aiS ZSES,i;ailandaZO} ©)
k=1

whereLFC C FC and ak are nonnegative coefficients [?]_whe_r_e qis the convex c_o_mblngnon coefﬂmen_t bounded to be
gsitive, to ensure positive grip (non-sticky fingers).

The ”sign denotes a unit vector. The associated wrench2d
can be expressed by the primitive forces as The CH is a mathematical tool to analyze the grasp and
to determine whether it is force-closure.

S S z ..
o o ' fik Definition 2. The convex hull of the system of contact
Wi = k;a‘kw'k N kzla‘k <pi x fig ) 3) wrenches is denoted as the Grasp Wrench Set (GWS).

After the GWS is defined, we use it to check if the CH
where W, are the primitive wrenches associated with thepans the entire wrench space, meaning whether the grasp is
primitive forces. force-closure.
An n-finger grasp can be represented by the location of qjheorem 1
contact points? = {pg,...,pn}. Equivalently, we can repre- i
sent the grasp using the matching wrenches applied at
contact points represented in the object coordinate frar&%J
W = {wy,...,wn}. If we consider the friction cones, the
wrench set can be expressed by the primitive wrenches

[?, 2, ?] A necessary and suffi-
ient condition for a system of ® s wrenches
= {W11,W12,...W1s, ..., Wn1,Wn2,...,Wns} to be force-
sure is that the origin oR lies in the interior of the
convex hull of the contact primitive wrenches. Meaning,

W = {Wlla WlZa "'WlSa ~-~7Wn1aWn27 -~-7Wns} (4) O c |nterlor(CH(fW)) (6)

To practically check if a CH satisfies conditi@?, we

Based on the mode| of the grasp, we now want fo define tl]Se theoren??for the implementation of it in our algorithm.

feasibility of the grasp. Therefore, in the next subsection we
present the notion of force closure, which defines wheth&heorem 2. [?] Let G be a grasp with an associated set
the grasp is feasible or not. of wrenches®, and H; be a hyper-plane on the bound-
ary of CH(®W). The origin O of the wrench space sat-
isfies O€ interior(CH(9/)) if and only if Yk any vector
3.2 Force C_Iosur_e e . re interior(CH(‘MS)) a(nd 8 lie in the same open half-space
A grasp is said to be force-closure if it is possible t%efined by
apply wrenches at the contacts such that any external forces '
and torques acting on the object can be counter-balanced by By selectingr as a positive linear combination of the
the contact forces. A system of wrenches can achieve forggasp wrenches, we can guarantee that it will constantly be
closure when they positively span the entire wrench spade.the interior of CH(W). Thus, theoren??is used in this
Hence, any external load can be balanced by a non-negatnerk for force closure verification by checking if the interior



pointr and the originO are on the same side of each of the
convex hulls facets.

3.3 Grasp quality measure

As mentioned above, a grasp that is Fo-C can resist ex-
ternal loads; we now need to quantify the quality of the
grasp. That is, how much external load it can resist or, in
other words, how much resources (in terms of contact force)
it needs to apply in order to resist the external load. The
quality measure quantifies how much a grasp can resist an
external wrench without the fingers losing contact or starting
to slip [?]. A higher quality measure reduces object deforma-
tions due to contact force and actuator resources. The quality
measure will be used as a grasp criterion for the algorithm
presented later in this paper and will provide a selection tool
for grasps. There are several known quality measures, most
of them based on theask wrench sefTWS). The TWS is a
wrench set of all external wrenches that needs to be applied
to the object during execution of a prescribed task. In gen-
eral, the quality measure is the relation between wrenchesg. 3. The grasp wrench set (GWS) and the largest ball (TWS).
that need to be applied (denoted by the TWS) and wrenches
that can be applied (denoted by the GWS). The most com- N
mon quality measure is the largest ball criterion that will bb€mma 1. [?] A necessary condition for a set of vectors to
used in this work. This measure is based on a general TWaSitively spark* is that the projection of the vectors on any
and is used when there is no prior knowledge of the tagkibspac®' =¥ must positively span the subspace.

forces. In this method, the grasp quality is equivalent to the According to Lemm#?, a necessary condition for a set

radius of the largest ball centered at the origin of the GW& \ectors to span the wrench spa&&is for them to span the
and fully contained in th€H(7//) Roa2007. In other words, (e spaca3 as well. The following lemmas are necessary

th_e grasp quality measure is defined as the distance from H@fﬁditions for 3-contact-point antcontact-point grasps to
origin of the GWS to the closest facet of (). For-  pitively span the force spaid. Lemma??is a necessary

mally, we can say that the quality meas@és defined as .o giition for the friction cones of a 3-contact points grasp to
positively span the force space.

. Lemma 2. [?] A necessary and sufficient condition for a set
Q=_—min |w]| @) of a 3-frictional contacts grasp to positively span the force

WeACH(W) . grasp to p Yy sp
spaceR? is for the 3 normals (unit vectors) at the contact

) ) pointsh;, fj, Ak, to satisfy the condition
where 0CH() is the boundary oCH(%) Ferraril992.

The quality measure in this method denotes the weakest net

wrench that can be applied to counter-balance the external 0 =cos (A;.A)) — L tan 1p (8)
wrenches in its direction. Figurg? illustrates the GWS and 2

the largest ball contained in it of a 2D grasp (the GWS of a

3D grasp cannot be illustrated as it is 6-dimensional). Th#heren, is the normal to hyper-plane hparallel to the plane
quality measure is the radius of the ball. This means thaformed by vectors, i, Nk (Figure ??).

large contact forces would have to be applied when an exter- o N R

nal wrench is applied along the weakest direction, defined fy0f. Sufficient conditionDenote the angle betweég for

the vector from the origin to the point where t@esized ball =1, ];k and planeH, as6 (the angles between the normals
is tangent to the boundary 6H (7). and the base of the formed tetrahedron are equal in a tetra-

hedron with three equal edges from the same vertex) and the

friction anglea = tan 1. H is a supporting plane separat-
3.4 Sufficient condition for a non-force-closure grasp  ing R to two half spaces. B > a, then the three associated

Due to the high complexity of the generation of a confriction cones remain in the same half space and cannot pos-

vex hull and computing the largest ball criteria, a conditioitively span the other half space. 8f< a, then the friction
is added in order to filter out non-force-closure grasps prieones of the three normals partly cross to the other half space
to the "expensive” computation of the convex-hull. This caand therefore may span the entire force spgée This is
prevent excessive convex-hull computation and reduce teguivalent to condition??), as the left side of the inequality
required CPU time. The following lemma is a necessary coergqualst and the right side of the equation is the friction an-
dition for a set of vectors to positively span the entire spacgle computation according to the coefficient of friction and



CH(FC(h,,i,h,))

Fig. 4. The three normals not positively spanning the entire space.

Fig. 5. The convex-hull of the three normals not posi-
tively spanning the space.

is equal toa. final sufficient condition fon normals not to span the force
Necessary conditiorl.et 8 > a and therefore, the three fric- space.
tion cones of the three normals remain at the same half P& ma 4. If there exist n normaldy, ..., fin € R that lie at
formed by planeH;. We will show that in such a case any . . :

) . one side of a plane and there does not exist a triplet from the
pointv at the opposite side of the plahk cannot be repre- e o

o N . .. n normals that satisfies Lemr&, then the friction cones of

sented by a positive combination of the vectors in the f”Ct'O{r‘]e normals do not positively span the force Spage
cones of the normals;,iij, Aix. The three normalg;, i, Ay P ysp P

and their friction cone&C(1;), FC(f;), FC(fik) span a cone proof. If n normals lie at one side of a plaig in R3, then

that also lies at the same half space. That is, the convex-hylbre exists a cone where its apex is on the origin and con-

of the three friction cones, which is shown in Fig®% does  tains all of the normals. In particular, there exists a minimal

not contain the origin in its interior and therefore does nlone that contains at least three normals on its surface and

positively span the force spa. In other words, we can || other normals are within the cone. This situation is il-

say that lustrated in Figure??, where the minimal cone containing
all the normals is shown. Checking Lemrdafor the three

v ¢ CH (FC(fy), FC(fy), FC(fk)) (9) normals constructing the minimal cone is enough to deter-

mine if the friction cones of the normals positively span the
force spac®?, i.e., if some of the friction cones partly cross

and therefore cannot represent all vectors in the space Witthahe other half space. It should be mentioned, if there exists

positive combination of the friction cone. Thus, they canng{ pjane where all normals lie at one side, we can choose the

positively span the space. one formed (according to Lemn®?) by the three normals

If condition ?7? is satisfied and the friction cones pass to th@onstructing the cone. If such a triplet satisfying LemPr?a

other half space, then the force space is spanned. If not, Higas not exist, the set of normals does not positively span the
force space cannot be spanned. force spaceR3.

The described Lemma is valid only for 3-finger grasp  We now use the previous three lemmas to form the fol-
(n=3). The following Lemma is for the case nf=4 and lowing theorem, concluding a sufficient condition for a set of
is a sufficient and necessary condition for four normals t@normalsnot to positively span the force space and by that
positively span the force space. not to be a force closure grasp.

Lemma 3. [?] A sufficient and necessary condition for aTheorem 3. A sufficient condition for a set of n-frictional
guartet of normals at the contact poinfs, ..., 4, to posi- contacts graspot to be force-closure is for the n normals
tively span the force spad® (without friction cones), is for at the contact pointéy, ..., fi, is for the following two condi-
the negative of any of these normals to lie strictly inside #ons to be satisfied:

cone formed by the other three normals. (a) There doesnot exist a triplet of normalsh;,fj, Ak

For a grasp with friction{ > 0), we can expand the con- ~ (i,j,k=1,2,...,n and i# | # k) satisfying Lemma&?,
dition and say that the negative of any of the normals must and
lie on or inside the cone formed by the other three norma(8) There doesiot exist a quartet combination of normals
in order to determine the 4 normals to span the force space. Ni,fj, N, fn (i, j,k,h=1,2,....,nand i# j # k# h) sat-
The next lemma is an auxiliary condition for constructing the  isfying Lemma?.



and the projection of the three normais fix, iy on the x-y
plane of R coordinate frame (whereiR = (0 0 1)) posi-
tively span the plane.

Proof. Assume the three normafg, fix,fy lie at one side

of the half space oR3. Following from Lemma??, rota-
tion of the 4 normals by the same map is allowed. There-
fore, rotational magR; is defined to map the fourth normal
f; to align with thez-axis. If thezcomponents of the vectors
R, RNk, Rify are negative, we can say that there exists a
plane that separatésandn;, Ny, fin to two half spaces a3,
Moreover, if the projection of the three normalsii, i on
thex—y plane ofR; coordinate frame positively spakr, it
means that the negative &f is inside the cone formed by
the three normals. The analysis for positive spanningof
Fig. 6. The minimal cone containing all of the normals. is done according to the condition presented?n This fol-
lows from Lemma?? defining the four normals to positively

. . spanR3.

Proof. According to Lemm&?, normals that positively span

the wrench spac@® must span the subspace (force spack) The presented sufficient condition for non-force-closure

as well. Since Lemma?is a necessary condition, we coulds 3 strong tool to filter-out candidate grasps that satisfy the
claim its opposite, meaning; if its condition is not met th@ondition and are definitely not force closure. The ones not
grasp is non-force-closure. Then, if it is non-force-closurgggisfying the condition are to be further checked using the
the normals do not span the entire force space. Since theyavex-hull method. Therefore, it is used to filter out candi-

do not span the force space there exists a plane where alygfe grasps and reduce runtime. The efficiency of this condi-

the normals lie at one side of the plane. If one vector woulghn, will be further investigated in the simulations section.
have passed to the other side, the whole space would have

been spanned. Therefore, for the most, they span a half space
and such a plane exists. Hence, if condition (b) of Theore&w FCGS Generation Algorithm
?7? is satisfied, there exists a plane where all normals lie at

?T‘et_ side of thedplante. Thte_:relfore,;gse Rordmals (V(\;'_thm:t trl)erasps into a feature space. We generate the set of all possible
riction cones) do not positively spak®. And according to n-finger grasps for each object. We define a novel paramet-

o . " ; N . \ _ °
Lemma??, if such a plane exists and condition (a) is satlsrlc representation of the grasp, invariant of any coordinate

f|e3d, the fr!ct|on cones of the normals dolnot. ppsmvely Sp.aﬁame. The grasps that are force closure are to be represented
R®. Meaning, all of the normals and their friction cones Ileas feature vectors in tHeorce Closure Grasp SEECGS)

at one half space and, therefore, the grasp is definitely nI%s section presents the proposed structure of the grasp fea-

force-closure. Hence, the presented theorem is a SUfﬁCi?ﬁI'Ie vector and the method for constructing the FCGS.
condition for a grasp to be non-force-closure.

In this section we parameterize the set of all feasible

The following lemma and proposition are used to imple;
ment condition (b) of Theorerd? and are based on the ones
proposed in 4018775.

.1 Grasp feature vector

An n-finger grasp of an obje® can be defined by a set
of n contact points,
Lemma 5. Assume n normal$iy,...,A, which positively
spanR3. For any rotational map R, the vectorsiR..., R,

Cfn o e RS fori—
also positively spaik3. P={pi:pi R’ fori=1,..n} (11)

Proof. Rotational mappin not chan he angl - . .
oof. Rotationa appti gAdoes AOt change the ang s bc?n the objects surface, and the normal to the objects surface

tween the normals sindg - ij = RA; - RN and therefore if at each point

the normals satisfy Theore®?, the rotated normals will also P

satisfy the theorem.

—JA A 3 -
Proposition 1. 4018775 Given four normals;, i, i, fin A= {fi:f e R fori=1,..,n} . (12)

and a rotational map R(for c =, j,k,h), which is set to

map normaliic = (X Ve Z)' (]|Ac|| = 1) to align with the We need to define a transformation niBpmapping grasp
z-axis, i.e., Ric = (00 1)T. A necessary condition for theinto ad-dimensional feature vector, injectively representing
set of the normals to spdR?® is that there exists one normalthe grasp,

f; of the four that satisfy

Rfis= (xy2' st. z<0 for s=j,kh . (10) T:{?,7;} — g cRY, (13)



whereg is ad-sized feature vectog = (u1...ug)". This denoted as the base of the polytope. It should be mentioned,
transformation will enable the algorithm to map all possiblthat if two or more triangles have the same area within the
grasps as feature vectors in the FCGS and intersect them ldlaaiting point error, the polytope will be parameterized twice
on. or more. In stef??, an adjacency tabl¥ is formed (exam-
A triangulation of a sef? is a partition of it into simplices, ple in Figure??c), denoting for each triangle its adjacency
where the vertices are points &, such that the union of triangles according to common vertices in the triangles table
them equalg”. Given a set of contact poinfs,...pn, a tri- K. The generation algorithm outputs a sorted list of adjacent
angulation of the point set can be made in order to formtdangles for each triangle. Such a table is used to identify the
polytope whose contact points are its vertices (see Figurext adjacent triangle to parameterize. Afterwards, we store
?7a). The triangulation of the point set I®® can be done the indices of trianglé; wherev; andv, form the longest
with triangulation algorithms such as Quickhull?], space edge of the base triangles is the third vertex of the trian-
sweep technique?], or the algorithm proposed ir?]. Atri- gle. The first parameter to be computed is lerdjtiof vivz
angulation algorithm will output a triangles tatdecontain- (step??) wherepK(th\,j) is the location vector of vertex;
ing triplets of vertices forming the triangles of the polytop®f trianglet; which are stored in tablK. The for-loop (step
(Figure??n). ?? to ??) computes the shape parameters of the polytope,
We divide the proposed feature vector into two partsyhere for the first triangle (the base), we calculate 2 angles
first, is the constraints that define the polytope shape, avbﬁ and the edge between thein In the othem — 1 tri-
second is the constraints that define the contact point normaisgles, for trianglg; we calculate the two angleg,y? of
relative to the polytope geometry. the triangle that bounds the edge common to trianglesd
ti_1. Moreover, we calculate the angde between the two
trianglest; andt;_1 (step??). Within each loop iteration, the
Shext trianglet;. 1 is chosen so that it will be adjacentt{dout

Proof. For ann-vertex polytope, there ae— 3n— 6 edges "ot adjacent tdi_; (according to adjacency tab¥§. If two

and f — 2n— 4 facets. Each of tha vertices can be varied ©f those exist, the one that is adjacentjtwith the longest

with three degrees of freedom (DOF), with a total of30F. edge v_viII be chosen. '_rhis_ condition is made to ensure a sin-

However, of the total of 8DOF, three correspond to transla /€ Unique parameterization for all polytopes. Aften is

tion and three to rotation of the polytope; so there are 8 Ch0Sen, we update;, vz, vs to store triangli+1's vertices.

degrees of freedom for the polytope’s shape. !n the last for-loop (step@?—l??), each normal is parameter-

ized to two angles, ¢, which are the angles of the normal

There are many possible representations for the polyith trianglest; andt,, respectively. These two triangles

tope, some of them depending on the order in which we paere chosen arbitrarily to ensure standard representation of

rameterize its triangles. Therefore, we describe transfornthe feature vectors.

tion mapT as an algorithm which will uniformly parame-

terize the grasps polytope. We build the feature vector ac

. : - . “Example 1.
cording to algorithn??, which is based on parameterization e .
of the triangles by a specific order, ensuring that the feature A 4-finger grasp can be described by a tetrahedron (4

i . X o
vector be injective to the polygon. The algorithm first p;{"’.‘ce‘ pontqpe see Figufe), Accordmg to PropositioR,

: i ) six constraints are needed to describe the tetrahedrons shape
rameterizes the triangle with the largest area and moves on

to the one adjacent to it with the edge definedypy As and 8 parameters to des_cnb_e the no_rmals _dlrectlons relative
; . - : to the tetrahedron, resulting in a 14-dimensional feature vec-
mentioned in propositioR?, three constraints are needed t

. : ; . or. Consider the algorithm to calculate face 4 as the base
parameterize a triangle with total of 3- 6 constraints for the _ . : .
) ] 6 triangle with the largest area. The parameters representing
entire polytope; therefore we need to constr%({fr =n-2

triangles of the polytope to fully parameterize it. The paran"tnhe shape of the tetrahedron, according to the algorithm, are

eterization moves on a chainf- 2 adjacent triangles, eachd"Ven as follows. The length of the longestgep: p; of the

with 3 parameters. Moreover, the algorithm describes {hgse trianglé, = Ap1pps (the largest area triangle)

normals at the contact points relative to the polytope. Each

normal needs 2 constraints in order to describe it; therefore di = ||p1— P2l (15)
we need B more parameters. Thus, the dimensionality of

the feature vector is

Proposition 2. For an n-vertex polytope, there affh — 6
degrees of freedom, which determine the polytope’s shap

and the two angles adjacent to the edge

d=3n—-6+2n=5n—-6 (14)

_ cosL ( (P3—P1)«(P2— Pl)) 16
" [pa—pallP2—Pa] 4o
The algorithm for constructingé= 5n— 6 dimensional fea-

ture vector for am-finger grasp and its operation is as fol-

lows. The algorithm starts with constructing (st&p) a tri-

angles table (like the one in FiguP®b), and define triangle V2 = cos 1 (p1—p2)-(pP3—P2)

t1 as the one with the largest area (st@ps??), wheret; is 1=C0s ( 1 — p2]l[lp3 — p2|| ) )

17)
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Example of (a) a polytope formed by the contact points, (b) its triangles table, and (c) the triangles adjacency table of the polytope.

The next two angles are the angles of the adjacent triandlbe normals direction representation is given by

to = Ap2p3pa, which is adjacent to the sharedgepzpz

:Cosl<(p4—pz)-(ps—pz)) 18
¥ Ipa—p2lllpa—Pe (9
:Cosl<(p4—p3)-(pz—p3)> 19
K Ipa—pallp2—pal )

and the angle between the two triangles
92 =cos (nh.nf) . (20)

As we haven = 4 contact points, we only neau— 2 = 2
triangles to parameterizg, andt,.

Fig. 8. Tetrahedron representing a 4 finger grasp to be parameter-
ized using 14-dimensional feature vector.

=cos }(f;.nb), i=1,2,3,4, 21
2

o =cos(f.nh),i=1,234 (22)

and therefore, the feature vector will be

e=(ViVidiVsys 92 0l & @& & @& @5 ¢ @)7. (23)

Example 2.

A 3-finger grasp of objedB is described by a single tri-
angle with 3 vertices. The configuration of the grasp is illus-
trated in Figure??. The position of the 3 fingers relative to
each other can be injectively represented as a triangle by two
anglesyi, y> and the edge length between thdin given by
equations ??)-(??). However, for three contact points, the
polytope degenerates into a triangle and therefore this case
is not fully covered by algorithr??. Therefore, we describe
the normals at the contact points by two angles. Anglis
the angle between the nornfaland the normal to the trian-
gle surfacé; given by

@ = cos }(Aj.fy), i=1,2,3 (24)

and angled; is the angle of the normal’s projection on the
triangle surface with the adjacent triangle] edge, given by
Equation £?)

2 —sgn(((A; x Ar) x & ;1) . Ar)
COS_l((ﬁi X ﬁf).éLHl), i= 1,2



Algorithm 1 Feature vectogeneration.

Input: Grasp point se®; ,normals at each poirft.

Output: Feature vectog,.
1. Generate triangles table of p4, ..., pn With thetriangulation algorithm .
2. fori=1—2n—4do

3 A(i) = AreaK(i)) //lcomputes area of triangle

4

5

: end for
: t = argmaxAy) //index of the largest area triangle denoted as the 'base’ of the polytope.

]

: Generate adjacency tabite
. [v1,V2] = vertices indices of the largest edge of triangle
: vz = index of the third vertex of trianglg.
s dp = 1Pk (ty,v1) — P (t1,v,) | //1€NGth Of longest edge of.
10: fori=1— (n—2) do

. 1 1 (PK(t;.v) ~PK (tj.v1))* (PK (t;.v3) “PK (tj.v7))
11 y'l = cos: 1Pk (t; vp) =Pk (t,v1) 1Pk (t v3) —P t,vp) I

_ > o1 PR(tv) PR (G.vp)) (PR (5.v3) ~PK (1 vp))
12y =cos TP (.v7) P 5 g) TP (5 v9) PR (v
£ (P(vg) PRt vg)) X (PR (v ~PK(t vy)

13: = TPk )P ) TTPR PR v | //n{i is the normal to the surface of triandje
14: if i # 1then

15: i =cos}(nf .nf_ ) /Inf is the normal to the surface of triangje

16: ti+1 = triangle adjacent t&(t;) but not adjacent t&(tj_1) according toy.
17: if ti 1 adjacent td; with edgevy,vs then

18: Vo = V3

19: else

20: V1 =V3

21: end if

22: vz =index of the third vertex of triangl, 1.

23: else

24: Vo = V3

25: t, = triangle adjacent to on edgeviVvs.

26: v3 = index of the third vertex of triangle.

27.  endif

28: end for

29: fori=1—ndo

30: @ = cos(fA;.n}) //angle of normaf; with trianglet;.
31 @ =cos Y(f. ni) /llangle of normafy; with trianglet,.
32: end for

3= ¥ AR 92\ O g Bt @)

whereg; ; = ﬁ. The feature vector for the 3-finger graspve check if the quality of the grasp is above a predefined
will be a 9-dimensional vector: value, Qq. For now, the value foQq is chosen manually
according to the estimated number of force-closure grasps to
T be outputted; further work should consider its definition. The
e=(y1 201 @ @ @3 91 92 83) . (26) algorithm returns true if all of these conditions are true and
therefore the grasp is feasible.
Algorithm ?? defines whether a grasp is feasible, and
we can now sample all (up to mesh size) feasible grasps and
Since we would like to identify all feasible grasps of arparameterize them to feature vectors. These feature vectors
object, Algorithm?? is presented. This algorithm receivesonstruct the FCGS which is presented next.
the query grasp and first checks if it satisfies the necessary
condition of Theoren???. This condition filters out non-
force-closure grasps with low computation cost. If the cond#3 FCGS generation
tion is met, it then computes the convex hull of the primitive  We generate the FCGS by exhaustive search of all pos-
wrenches and checks if the force-closure conditi®®) (s sible grasps of objedB. This is achieved by using Algo-
met, using Theorem®?. This condition identifies whether rithm ?7?, filtering out all grasps that are not force-closure,
the grasp is force closure. Moreover, to be on the safe sidad bounding the quality measure of the grasps to be above a

4.2 Grasp feasibility criterion



Fig. 9. Three contact point grasp.

Algorithm 2 Grasp feasibility Algorithm 3 FCGSgeneration.
Input:  An n-finger graspj of objectB, {7}, A} Input: Mesh of objecB to be grasped;?, A\'}.
Output: True/False - graspj force-closure/non-force- Qutput: FCGSE = (e, ...,e,) of objectB.
closure. 1: Generate grasp defined by?; = (p1,...,pn) € P. /by
1: if condition (??) is true then sequential scan over the mesh points.
22 Map {?,\j} to a system ofn-s wrenches™} = 2. if Pj is feasible (according to algorith®?) then
(W11, W12, ...W1sg, ..., Wn1,Wn2, ..., Wns). 3:  Map graspj to feature vectog = (uz ... ug)" /lac-
3:  ComputeCH(W)). cording to Algorithm??.
4:  if O €interior(CH(7})) then 4;  Labelg as force-closure and add to et
5: Compute the quality measu 5. Store a pointer frong to 2;.
6: if Q> Qq then 6: end if
7: return True. 7. if £ =(ey,...,&) is not fully labeledthen
8: end if 8 goto??
9. endif 9: else
10: end if 10: return grasp setE.
11: return False. 11: end if

predefined valu®q. Next, Algorithm??receives a 3D mesh
of the original CAD object, consisting a set of poirftss R3
and a set of normals at each pailftc R3. For a given num- 5.1 Nearest Neighbor Search
ber of contacts, the algorithm goes over all possibfager . , .
grasps?;, and selects only the feasible ones. The ones se- 1€ database structure used in this work is the well-
lected are transformed into feature veagand added to the KNOwn kd-tree.  Each FCGS set is represented ad-a
grasp set ¢ RY, which is the output of the algorithm. Al- dimensional binary tr_e_e constructing an organized data struc-
gorithm??is inspired by the one proposed B[ ture that enables efﬂqen? nearest-nelghbor s_earch.l@_he_
] ) tree data representation is based on dimension partitioning.
oo For theq query objectsBy, ...,Bq, we apply Algorithm - ¢, her information on théd-tree refer to ]. Several
22 and generate the FCGBy, ..., Eq of all the objects. In 5 45rithms for nearest neighbor search that operateeden
the_ next section we present_ t_he proposed methqd for neartﬁsgé have been widely surveyed in literatu?g [They take
neighbor search and clas§|f|cat|0|j in order to find Comm%vantage of thé&d-tree structure for the search of a point
vectors between the sets, i.e., to find common grasps. in one set that is the closest to a query point in a different
set. It should be noted that the nearest neighbor search algo-
rithm uses the Euclidean distance criterion. However, due to
o ) the structure of the feature vector, ahdimensional space is
5 Similarity Search Algorithm not homogenous and the Euclidean distance does not reflect
Givenq sets of vectors of the FCG%y, ..., Eq) CcRY%4, the grasping demands. Therefore we need another metric,
one for each object, a similarity algorithm proposed in thighich will be used based on our grasping demands. More-
section will find common vectors of the sets where the digver, we are not bounded to the closest point to another; if
tance between them is smaller than a predefined toleranoer custom distance criteria fail, we can find the second clos-
This will be done using Nearest-Neighbor search and clasest point and so on. Therefore we use ltheearest-neighbor
fication. search, which can find up toclosest points to a query point.



5.2 Similarity Join Algorithm 4 FunctionJoinFCGS§ %, ..., Eq)
We use a similarity join algorithm to pair points in eachnpyt: FCGS of each objecky, ..., Fq-

two d-dimensional sets;, Z;. FunctionJoinFCGS(AIgo-  output; Registry setz.

rithm ?7) receives the grasp sef, ..., £q € R9 and foreach 1. for j — 0 — q—1do

two sets, using nearest neighbor (NN) search (implemented  for j =i +1 — qdo

using the MATLAB! knnsearctunction), find for each vec- . (4, B] = NearestNeighbdfZ;, %;).

tor in one set the closest one in the other. Funchtmar- 4, for k=1— siz¢4) do
estNeighborwhich is called withinJoinFCGS receives two . if IsSimilar(ay € 4,by € B) = truethen
FCGS set%, £ and outputs two parallel set#, B, which g Z = InsertToZay, by,i, j)

are stored in such a way that each veejoe 4 is the closest  ; end if

one tobx € B. As thed-dimensional space is not homoge- g. end for

nous, each two vectors found cannot be considered as thg  and for

same vector with only the Euclidean distance. Therefore, wg. end for

add a custom distance metric that can be changed accordiflg z — RearrangeRe)
to the properties of the grasp, e.g., coefficient of friction, obrs. return Z.

ject manufacturing tolerances, etc. Therefore we define the

custom metric between two vectots ‘£ andy € Z;

Algorithm 5 FunctionlsSimilar(x,y)

Input: Feature vectors andy representing-finger grasps.
Ixi —vyi| <&, fori=1,....3n—6 (27) Output: Are x and y within the predefined tolerances
(trueffalse).

' . 1: fori=1— (3n—6) do
whereg;, ..., €3, are predefined tolerances. This means that,. if x(i) —y(i)| > & then

the two feature vectors (only the shape part) are to be insidg return  False
a hyper-rectangle with edge lengths&af....€3,_6. More- 4j end if
over, we demand that each two respective nornigisrom 5: end for
Ay .
feature vectox andfi! from feature vectoy) at the contact 6: for i = (3n—5) — d do

points (represented in feature vec(?,)ratscpgl?(g2 - for exam- .. Calculateﬁ-x)(x(i) X(i+n))
ple, equation??)) to both be inside a friction cone, satisfy- 8 Calculateﬁig’(y(i),y(i )

g o if cosI(AX.AY) > 2a-tanlpthen
10: return False
cos }(Ar.AY) <2a-tantp, O<a <1 (28) 11: endif
12: end for

. . T 13: return True
wherea is a safety factor. This condition insures that the

angle between each two respective normals is smaller than

the friction cone angle multiplied by a predefined safety fac-

tor. Conditions ??) and (?) are implemented by function vectors,e € % andg € E;j, which are considered to be the

IsSimilar (Algorithm ??), which receives two feature vectorssame, are the input of proceduresertToZ(Algorithm ?7?).

and returngrue or falsefor satisfying the conditions. First, It takes the mean vecter; of the pair and checks whether it

in the first loop, the algorithm checks whether conditid®)( already exists in registry se& (usinglsSimilar). If it finds

is satisfied for the first part of the feature vector (the shapectoru the same as; , it setsti anddj to 1, meaning the

part). Second, the algorithm restores the normal vectors @e@int exists in% andZ;. If it does not find the point irg, it

cording to the angles given in each feature vector and thedds it and than marks it in the compatible grasp sets.

compares them according to conditid?). After the construction of registry setZ, function
When two vectors from two different sets are closRearrangeRegat the end of algorithm?? extracts the

enough to be considered the same, they are to be inserte@riginal vectors that constructed the vectorsZirirom their

a registry setz € RY and the pointer stored to their originalaffiliated FCGS. They are extracted according to the coupled

grasp sets. The sétis ad-dimensional database of vectordinary vectors that denote in which FCGS they exist. This

taken from,...,Eq. The vectors inserted t& are the function recalculates each vecter in Z to be the mean

ones common to two or more sets®f, ..., Eq. Let U, be a vector of the original ones extracted from the FCGS. That

g-dimensional vector space of binary values, i.e., containinggy, the vectors inz denote more accurately the original

g-sized vectors of 0’s and 1’s. Each common veestae RY  grasps in which they are originated from.

added toZ is coupled to a compatible vectd ¢ . After a set of vectors common to two or more of the

Component of vectorV; denotes whether the vector is insetsZ;, ..., £y are acquired, classification is needed to find

the setZ if labeled "1” and "0” if not. Therefore, two the minimal number of grasp configurations that can grasp

subsets of the objects. This is done using the classification
algorithm presented next.

IMatlat® is a registered trademark of The Mathworks, Inc.



Algorithm 6 FunctioninsertToZe,g;,i, j) suitable for the specific subset of objects (see Exarfipje

Input: Vectore in FCGSi and vectol in FCGS;. We will finally optaino grasps forq.objects divided in'tm
Output: Updates registry sef to containa, b. subsets according to the compatible grasp. AlgoritPPn
Ly — (8048 e T presents functioi€lassification which receives the set
D 2 2 and searches for the minimal number of vectors that satisfy
2: u= NearestNeighbdiz,v;;)//Find NN ofv. condition 7). Sometimes it is possible to find more than
3: if IsSimilar(v;j,u) = truethen one set of vectors that cover the FCGS; therefore, the func-
4 G()y=1 tion returns the set of vectors that have the maximum grasp
5 0()=1 quality.
6: else
7:  Add pointv; to Z.
g Ui)=1 Algorithm 7 FunctionClassification{ Z)
o V()=1 Input: Registry setz.
10: end if Output: One or more common grasps.
1.0=1

2: while o < sizd Z) do

5.3 CI ificati . ) L .
assftication 3:  Find all possible combination#f; = (uy,...,Ug) in 2

As we acquired a registry set € RY, we would now p
want to classify the set of objects to a minimal number of which satisfy \/ T = (1)gx1
subsets, where each subset can be grasped by its respective i=1

grasp configuration. 4:" if successhen .
5: Calculate Qj = QO(ul, ...,Ug) of each#].

Definition 3. A subset of vectoré/ C Z is said to covet
all the primitive setsEy, ..., £y if there existauy, ..,Us € H
such that for eaclE;, where i=1,...,q, there exist at least
oneu; € % for some je [1,0].

6: return A satisfying argma®;(#;) // return the
7Hj

grasp with the highest qujality measure.

7. else
The d-dimensional registry sef acquired in the pre- 8: 0=0+1

vious algorithms contains the vectars,...,un € Z, which ~ 9:  end if
are common to two or more sets®f, ..., £q. A compatible 10: end while
setlly, ..., Uim € Uq affiliates the vectors itb to the FCGS in  11: return NULL // there is no common grasp.
which they exist.l; is aq sized binary vector consisting of
one in componeniif u; exists inE;j and zero if not. The next
step is to classify all vectors in s&t to a minimum subset
of vectors#H C Zthat covers all the primitive sefSy, ..., Zq.
That is, classify the objects to a minimal number of subse@mple 1. o
with its compatible common grasp for each subset. Let registry setz contain five feature vectors, ..., Us €
Assume a vector; € 2 and its compatible binary vector Ua that are common to two or more sets B, £, Zs, £4

{ij € g consisting one’s or zero’s. It can be said that a subsét= 4 Objects). After the application of functialinFCGS
4 C Z whereu, ..., Us € H, coversE, g if on £y, ..., E4, each vectou; is affiliated with a binary vector
c ey : -

bj. For example, the five outputted binary vectors are shown
in (?7). Binary vectorii; has 1's in the first and fourth po-
° = sitions. Therefore, the respective feature vectpexists in
_\/ U = (Do - (29) FCGSZE, andE4, meaning the corresponding grasp configu-
=t ration can grasp objects 1 and 4. Binary ve@t@equals(i)
and therefore, it corresponds to a grasp configuration that
This means we want to find a minimal number of binary vegan grasp all the objects. If such a single binary vegipr
tors where their unification equals a vector of ones. That iat satisfies conditior?@) does not exist, we would search
a minimal number of grasps that can grasp all objects. Vir the minimal set of binary vectors satisfying the condition.
seek to find a solution wheris minimal and with priority |n this example, we can take vectdrs andiis, where their
equal to 1. If poinu, is found with its corresponding vector union results in(i). Therefore, we classify the set of ob-
01 satisfying condition??), it means thafi; = (1,1,..,1)7, jects to subsets, grasp 2 corresponds to grasp configuration
meaning there is one grasp (defined by feature veetdr u, and will grasp objects 2 and 4. Grasp 4 corresponds to
that is common to all sets. If a number of vectors is needegasp configurations and will grasp objects 1 and 3. More-
(0 > 1) to cover the FCGS, it means that the set of objecgyer, overlapping may occur, such as the uniofipind(is,
is divided intoo subsets and each vector is in fact a grasphich results in the possibility of both grasp configurations
grasping object 4. In such a case, object 4 will be grasped
by the highest quality grasp of the two. In the classification

2The notion of cover is different here from the set cover problem diprocess we divide the objects into classes, where each class
cussed by 7], in which the problem is defined as the selection of as fefaas its own grasp Configuration_
as possible subsets from a collection of subsets such that every point in a
universe set is contained in at least one of the selected subsets.




1 0 0 1 1
- 0] . 1] . 1] . 0| . 1
U= | Uz=|g| U= [Ua=]q]U=]|] (30)
1 1 1 0 1
5.4 Main Algorithm denoted as FCGS of the compatible object. Once all feasible

The main algorithm for finding the common grasp of @rasps of all objects are mapped to the FCGS sets, Near-
set of objects is given in Algorithr@?. It begins with the est neighbor search is done to find pairs of common vectors
mesh of the each object and the marking of forbidden zonasong the sets. The pairs found are checked to satisfy toler-
by the user. After the mesh is acquired, the generation afice demands and further added to a registry set of common
the FCGS can be done according to Algoritt®d Next, vectors. Classification is then done to find the minimum set
the similarity join is executed according to AlgorithP®?in  of vectors from the registry set that covers all of the FCGS
order to build the registry se. Finally, classification is sets. The set consists of feature vectors found to be com-
done according to Algorithm?? to output the best grasp ormon grasps of subsets of the objects. The algorithm aims to
grasps that are common to all of the objects. find a single vector that exists in all of the FCGS or a mini-

mal set of vectors for subsets of objects. The vectors found
are in fact the grasp configurations that are able to grasp the

Algorithm 8 Common grasp search (CAD model gfob- compatible subset of objects. As we go through all possi-

jects) ble n-finger grasp combinations (up to mesh size), therefore,

Input: 3D CAD'’s of objectsBy, ..., By the algorithm will certainly find a common grasp or a set of

Output: A common grasp for all objects or common grasps®mmon grasps if such exist. Thus, if a single grasp for all
for subsets of the objects. objects or a set of grasps for subsets of the objects exist, the

1: fori=1—qdo algorithm will find them.

2. Mesh objecB;.

3:  Manually label forbidden grasp regions on mesh of
objectB;.

4. Generate sef; using Algorithm??. 6 Complexity analysis

5: end for Assumeq objects to be grasped, discretized to a mesh

6: Z=JOINFCGY]%Ey, ..., Eq) using Algorithm??. with maximal sizek. We generate the FCGS of all possible

7. H = Classificatior{ Z) using Algorithm??. n-finger grasps for each object. Ligtbe the maximum num-

8: return #H = (ug,...,Ug) ber of possible grasps of an object, and it will be the number
of possibilities to choose contact points fronk possibili-
ties without repetitions, when the selection order is not im-

It should be noted that because we seek for a simple aportant. Therefore, the value df is E = 7n!(|£n)! . The

minimal end-effector, a minimal number of contact points is , : . i
desired. Therefore, Algorithr@i2 is run starting fromm — 3 complexity of the Quickhull algorithm Bradford-Barber1996

. L C . . for generation of th nvex-hull i n Ny |
and if a solution is not found) is increased until a solution orgene ato of the convex-hull is do e@_( wl0g(Mw)),
is found wheren,, is the number of wrenches forming the convex-

The following Theorem presents the final claim for the al hull. n the worst case, we generate a convex-hull for all (up
rithm to find% solution ifpone exists 9% mesh sizep-finger grasps with discretization of the fric-
' tion cone to ars-sided convex cone and therefore the gen-

Theorem 4. The algorithm is complete: If a solution of aeration of a convex-hull witim, = n-swrenches is done in
single common grasp or a set of common grasps at the v&¥n- s-log(n-s)) time. Generation off FCGS sets wittN
tices of the objects meshes exists, the algorithm would findagssible grasps is done @(q-N-n-s-log(n-s)) time. We

And if no solution exists, the algorithm reports no solutiongse the Quickhull algorithm as a triangulation algorithm as
and exits. well (Section??). We perform up tay- N triangulation (for

g objects with up td\ possible grasps each) of thecontact
Proof. The algorithm maps all possible grasps (up to megivints to ann-vertices polytope and therefore it is done in
size) to find the feasible ones. The Feasible ones are th@¥gN- nlogn) time. Nearest neighbor search of a query vec-
that are force-closure and have a quality measure greater thamin thekd-tree takes up t@®(logN) inspections. Nearest
a defined lower bound. The feasible grasps are parameterineijhbor search between two setd\b¥ectors each is done
to a feature vector in the feature space, injectively represehtr comparing for each vector in one set to all vectors in the
ing the grasp configuration as a polytope with no referencesecond set, and this is doned(iN logN) time. We search for
any coordinate frame. The feature vectors are added to asetrest neighbors between each two possible combinations



k! q! ki k! q! !
O(q‘ ik S 1098) + S o k= 9 (n!(k—n)!) * 2iq—2) migk—nyi - Mogn-+miogm- m) (31)

of sets, and there ar g = ﬁizﬁ possibilities. There- N o T
fore, the search for pairs between all combinations of tw |
sets of sizeéN takes up t@(ﬁiz)[N logN) inspections.

Let m < N be the number of points i&¥ that are common
to two or more sets. For each pair found, we sedtctor
its existence in it using nearest-neighbor seardd(logm).

In total, m inspections are done @(mlogm) time. An ad-
ditional O(m) time is required for classification, yielding an

overall runtime as seen in equatio??). In the worst case, o

VAV X "'.‘
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o KB

o
\

m= N and assuming < k, we obtain a runtime oD (k"). = 3 % *ﬁ?ﬁﬂ(&;ﬁi&
The runtime is exponential to the number of contact point \éi%‘\é@ggfﬁﬂﬁﬂ%v
However, the complexity presented is the worst case pc™ w S \‘gsghﬂ}%f;
sible; the high-complexity comes from the analysis of th , P \i"'ﬁ"
convex-hull and by adding Theored? we filter out a large ~ ° 2 @ ° Rt
guantity of non-force-closure grasps without generating the °
convex-hull. Moreover, the FCGS for each object can be Fig. 10. Four meshed objects.

computed in parallel, which significantly decreases runtime.
Parallel computation is implemented in the following simu-
lations.

) ) the edges will not extend by more than 4% of their origi-
7 Simulations _ _nallength. The parameters to compare (with condit@®)(
The following simulations of the proposed algorithm,ma)s at the contact points ame= 0.5 (50% of the fric-

were implemented in Matlab on an Intel-Core i7-2620Mion gngle) andi = 1.15. The friction coefficient value was
2.7GHz laptop computer with 8GB of RAM. The operationyracted from an experiment on the materials to be used in

of the algorithm was done using the MATLAB parallel comyg eyperiments presented in the next section. In the experi-

puting toolbox in order to reduce runtime. The followinghent 5 surface made of the objects material was tilted until

simulations present an example of the algorithm for 3-fingersma)| object made of the fingertip material that was placed
frictional grasps of four objects. The objects were produceg}, it started to slip. The angle of the surface in the slippage

using rapid prototyping with 90””%*309 3D printer. The oint was 49 and its tangent s 1.15, which is the friction co-
simulations can also be seen in Extension 1. efficient of the two materials grote2009springer. Figafe
presents the output of the similarity search. RegistryZet
7.1 Implementation and Results is illustrated and contains 53,796 grasps that are common to
Four objectsq = 4) were tested for the implementationtwo or more objects. Moreover, classification of epro-
of the algorithm and are shown in FiguP®. The objects vides 82 grasps that are common to all objects and can be
were meshed using COMSOL Multiphystc ak = 450 seen as red squares in Fig@® The output of the algorithm
triangular mesh. We implement the algorithm with a 3would be one grasp out of the 82 with the highest quality
finger frictional grasp, where the friction cones at each comeasure. Figur@? presents the best grasp with quality mea-
tact point are modeled as 5-sided convex cosesq). Each sureQ = 0.41. This grasp is the best common grasp for all
object has 986,463 possible grasps. For the generation of the four tested objects. Minor differences can be seen be-
FCGS, the construction of the grasp feature vector is dobween the grasps as the tolerances allowed. The differences
according to Algorithn?? and as described in examg?@ can mostly be seen in the normals directions; however, due
(Section??). We filter-out force-closure grasps that have to the friction cone, such deviation between the normals is
quality measure smaller tha@y = 0.1 (refer to Algorithm allowed. This will be verified in the experiments. With the
??). Figure?? shows one generated FCGS for object 3. Beélemand for higher accuracy or low coefficient of friction,
cause it is a 9-dimensional space and only for illustration, thégher resolution computation is needed and should be done
set is shown in three 3-dimensional projections. to achieve this. Figur@? demonstrates the implementa-
For the similarity search algorithm, the tolerances of thigon of the algorithms for the 4-fingers grasp whire 100.
triangles shape;[mnj, ex[mni, €3[°] were chosen such thatHowever, it is hard to illustrate such a grasp as a figure, and
deviations can be seen between objects as result of differ-
ent orientations and allowed tolerances. The run time for the

3Connex 500 is a registered trademark of Objet Ltd. 4-fingers Computation was apprOXimately 51 hours.

4COMSOL Multiphysics is a registered trademark of COMSOL AB.



Fig. 11. FCGS of object 3.

Fig. 12. Registry set Z: vectors that are common to two or more objects (blue points) and vectors that are common to all objects (red

squares).

. 2 100
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e 90
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Fig. 13. The vectors in registry set Z that are common to all objects.

7.2 Performance ??b shows the number of force-closure grasps for each ob-
. ject and its percent of the number of possible grasps (includ-
2?2 -

In Figure??, some performance parameters of the 3Ijmg those that are not force closure) of the object. There is

OCOG algorithm are shown. Figuf®a presents the CPU . :
small percentage of feasible grasps over all possible grasps

runtime of the.algorlthm as a functloh of the mesh UM nd Theoren?? contributed to filtering some of them out be-
ber. Exponential behavior of the run-time can be seen a

a . .
function of the mesh size; this is expected from OE") ?ore the convex-hull criterion. Figurg?c presents the num
. : S : er of grasps that are common to two or more objects. Both
complexity calculated previously. Significant improvement. : :
. . igures??b and??c show exponential behavior of the num-

can be seen using Theore??, which decreased the run- ! : .

. ; , er of grasps relative to mesh size. Fig@fel presents the

time by approximately 25%. It should be mentioned tha . .

. : . . umber of solutions found as a function of the mesh number.

the implementation of the algorithm was used with Matla : . .

can be seen that as we increase the number of triangles in

Parallel Computing Toolbox. In tests we have made, th{ﬁ : i
: . . e mesh, we can acquire more solutions. Therefore, as we
parallel computation decreased the runtime by 73%. Figure
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g. 17. Sensitivity analysis with change of tolerance values.

8 Experiments
A designated experimental system was built to test the

3-finger grasp results outputted from the simulations. The
increase our mesh number, we can calculate more accursyetem is shown in Figure? and is composed of 3 robotic
common grasps by the stringent similarity demands definéidgers with 3-DOF each. The experimental system and some
in Algorithm ??. Sensitivity analysis was done to examin@xperiments can also be seen in video clip extension. Each
the number of solutions output with the change in the tolefinger is built from 3 Dynamixel AX-12 actuators (Bioloid
ances. The data were calculated on a 3-fingers grasp wittbotic kit), which also serve as the joints. According to the
mesh size 0k=100. The tolerances presented in the simul@rasp solution, the program automatically (see Appendix for
tions were multiplied by a factdy so that the new tolerancesthe kinematic model description of the experimental system)
are (e ... €8T =& . (g1 ... €3)7, and the friction angle computes the angles of the joints such that the grasp triangle
is Eatanu. Figure?? presents the change in the number ok formed between the fingertips, where its plane is horizon-
solutions as a function of fact@. Great sensitivity can be tal (Figure??). Moreover, application of forces at the con-
seen with change of the tolerances, which concludes that teet points are done by small movements of the fingertips in
can acquire many more solutions if we are willing to accephe direction of the normals according to the outputted grasp
reduced accuracy. configuration. Movement of the fingertips is calculated using
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Fig. 16. Performance parameters of the algorithm relative to the number of points in the mesh, (a) solution time, (b) total number of grasps
and its percent of the number of possible grasps for the object, (c) number of grasps common to 2 or more shapes (size of Z), (d) number of
solutions found.

a kinematical model of the gripper built for the experiment.
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Fig.

Simulation of the grasp planner.

Each finger is equipped with an ATl Nano25
force/torque transducer. The transducer is used for acquir-
ing contact force data at each finger. An external load ap-
plied to the objects simulates a disturbance force. All fingers
have 5[mm] radius hemispheric caps on their tips to have a
point contact. The force/torque transducers were connected
to an NI Data Acquisition (DAQ) board. Force data from
the transducers was acquired and processed using the Matlab
DAQ Toolbox. The force data of the transducers are acquired
in the sensors coordinate frames and therefore they are all ro-
tated to a central coordinate frar@e
Figure ?? shows the common grasp of Figure tested on
the 4 objects. We present the results of the experiment on
this specific grasp where an external force was applied to the
objects in direction—-zy (down). The estimated magnitude
of the external force applied to each object is presented in
Figure??. The external force is estimated using equilibrium
equations. The results for the reaction forces on the finger-
tips are shown in Figur@?. The forces are represented in
reference framéD. Figure ?? presents the calculation re-
sults of the angle between the force vector and the normal
at each contact point. It can be seen that when the angles
at each grasp are smaller than the friction angle (marked by



hemispherictip

}?

nano 25 force
transducer

a dashed line) the grasp is stable. However, when one ¢
the angles exceeds the friction angle, the fingers lose the
grip of the object. During the experiments, slippage was ob
served when exceeding the friction angle, thus validating ou
results. There are minor deviations in the results due to minc
measurement errors of the transducers and the joint angle
which lead to transformation errors. Deviations might alsc
occur due to non-uniform surface roughness, which affect
the friction angle. However, despite the errors and deviap
tions, stability of the grasp is maintained under the friction
conditions and therefore we can say that this specific corr [z
mon grasp configuration is feasible and stable for the fou[*

tested objects.

The same experiment was done under several other exte
nal load directions resulting stable grasps until the friction

angle is exceeded. Moreover, other grasp configurations out- Fig. 20. The common grasp of the four objects.
putted from the algorithm were examined with similar re-
sults. These experiments validate the grasps and prove that

they are feasible common grasps for the set of objects.

9 Conclusions

vector is the key element of the algorithm as it represents the
grasp configuration injectively and invariant of any coordi-

nate frame. Such representation of the grasp enables com-
parison between grasps and efficient similarity search based

The 3D-OCOG algorithm presented in this paper isn nearest-neighbor search. Classification is done between
based on the search of all possible force closure grasps §wasps common to two or more sets to find the minimum set
each object and their mutual intersection to find the commaf grasps that are able to grasp the set of objects. Simulation
ones. Each object’s force closure grasps are represented eessalts from a Matlab implementation were used to generate
set in a high-dimensional space, where each point in the se¢ best common grasp for four objects and were followed by
is a feature vector parameterization of the grasp. The feat@gerimental verification. The simulations and experiments
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(a) Friction angle at each fingertip for object 1

(b) Friction angle at each fingertip for object 2
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Fig. 23. The friction angles at the fingertips change in time. The dashed line is the material friction angle.
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Fig. 21. Estimated magnitude of external forces applied to the ob-

jects in Z direction.

verified the feasibility of the proposed algorithm.
The proposed algorithm discretized the objects to find coranables parallel processing gfobjects, each of them on a
mon grasps. The probability to find a common grasp irseparate thread, which enables reduction of overall runtime
creases as the mesh size increases, however we pay withjalmost 1/q.

creased runtime. Moreover, two grasps are considered frigture work will involve reducing solution time by using

same if they are within the boundaries of defined tolerances.
Thus, the common grasp will not fit exactly to the objects. In
order to avoid increasing the mesh size, future work will deal
with post-processing refinement of the common grasp over
the object to find an optimized configuration and locations on
the objects to achieve accurate fit. This will involve defining
an optimization problem constraining the contact points to be
on the surface of the objects within bounded regions. These
regions should be defined to be insidelependent Contact
Regionsfound using the algorithm proposed i#][ In that
case, force closure grasp is maintained within these regions.
Such refinement feature will enable the run of the algorithm
with relatively coarse mesh and larger tolerances.

It should be mentioned that the size of all analyzed objects
should be in the same scale in order to acquire solutions. As
the difference in scale between objects increases, the prob-
ability to find a common grasp decreases. Such a problem
can be dealt in a future work by adding degrees of freedom
to the end-effector to overcome scale differences that are ex-
pressed in the feature vectors. Performance analysis shows
that larger mesh results in longer solution time but produces
more common grasps. However, the nature of the algorithm



more or other sophisticated filtering conditions. As we re-
quire more accurate solutions the convex-hull computation
gets more "expensive” and such conditions could replace it
or filter-out non-feasible grasps prior to the convex-hull com-
putation. Moreover, by changing the similarity search al-
gorithm to find points in the FCGS that are similar in only
d — 1 dimensions, we can add degrees of freedom to a fin-
ger to minimize the distance of the remaining dimension and
by this adding more common grasp solutions. Such addition
can be beneficial where no solution is found due to the large
number of objects, objects scale differences, or when a more
accurate solution is needed.
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Appendix A: Kinematic model of the 3D experimental
system

The following section provides a detailed descriptiol
of the kinematic model for the robotic experimental system

/ Yo
xO

1 0 0 O

0 cos9, —sinéh, |
2 _ 3 U3 12
As= 0 sin, cosdy O (35)
0 0 0 1
0
V=" A A 2y [ (36)
1

Z

used to grasp the tested objects. The robotic system is aF@L 24. The kinematic chain for a finger in the experimental setup.

finger gripper, where each finger has three degrees of free-

dom.
For each finger, we can define the position of the fingertips

wherev; is the position of each fingertip £ A B,C),

with respect to reference frame O (see FigeBeaccording ¢ equals 0—120°, 12 for fingersA, B,C, respectively, and

ing transformations:

cosp —sing 0 Ax
sing cosp 0 Ay

0 _

A=l 0 0 10 (32)

0 0 01

cosp —sin@; 00

f | sinB] cosd} 00
A= 0 0O 10 (33)

0 0 01

10 0 0

i cinpi

A% _ 0 cos;, —sind; Iy (34)

0 sing, cosd, 0
0 O 0 1

Given the grasp triangles represented by the feature vector
for a 3-finger grasp) shape parameters and the direction of
the normals relative to the triangle, we would like to find the
triangles orientation, which would enable the fingers to grasp
the triangle under the following constraints:

1. Each fingers plane (formed by the three links) will align
with the matching normal. Therefore, the direction of
each normal will define angléi1 of the matching fin-
ger. With this constraint, forces along the normals can
be applied using only joint8, and6} of each finger.

2. The distance between each two fingertips is defined by
the matching triangles edge.

3. The plane of the triangle will be horizontal. Therefore,
all fingertips will be at the same height

Constraints (1) and (2) are illustrated in Fig@@and can be
expressed mathematically by the following three equations:

Va—Va

m.(A-na) =1 (37)



(A-np)| =1 38 07 = sgn—Vvc x Ang) - cos . 43
||Va+A'Vba—VBH ( ) ( ) 1 gr( C C) || || ( )
The sgn(- x -) operator returns the sign of tlrlecomponent
Vot AVen —V from the planar cross product of the two vectors. The posi-
a . ca— C . . . .
JANY) =1 39) tion of the triangles vertices are given by
Vat+Avea—vo]] " A 9
Va=(Vivih)T (44)

wherevpa = Vp — Va, Vea = Vo — Vg are the triangles edge
vectors before rotation by given by transformation map

_ {C_OS(p—Sin(P] (40) Vb =Va+ (V& Vg h)T (45)
sing cosp ’

The three equation€?)-(??) have 3 unknowns}, v, @, and
a 0?9 Va0 Ve =Va+ (V& vid h)T (46)

wherevpy = A-Vpa andvey = A- Ve,

After the fingers are aligned with the normals using angles
07,65,6¢, the fingertips must be positioned in the vertices of
the trianglevy, v, Ve. This is done with joint$,, 63 of each
finger according to the inverse kinematics equations obtained
through geometrical relations:

i 1 (1315 (((v),)2 + 1)
5 =Ti—cos 1( 2ol ) (47)

L | M —tan! h
e ( (<viy>1>2+h2> a <<Viy>1> w

where (), is the coordinates! represented in reference
frame 1 and = a,b,c.

After the object is positioned between the fingers, forces are
applied on the object in the direction of the normals defined
by the grasp configuration triangle. As the fingers are already
aligned with the normals, by moving anglés and 8} (of
each finger) alone, we move the fingertips along the normals
direction. The movement is done according to the inverse
kinematic equations by a few millimeters into the object to
apply forces at the contact poirdd, ¢ in ng, Ny, N¢ direction
according to the force-closure constraint.

Fig. 25. The grasp triangle AabcCaligned in the experimental grip-
per.

by solving them we determine the position and orientation of
the triangle such that the three fingé¢®B, C will align with

the normals. The equations were solved numerically with
Matlab’s fsolvefunction. Therefore, we can calculate the
anglest’), 62,65 of the fingers according to

AAna

e’f:sgr(—vAxAna)-cosl< VAl

). @

—Vvg.Anp

0% = sgn(—vp x Anp,) -cos ! ( Vel

) @)



